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Abstract
We study the nonequilibrium steady state (NESS) in a quantum system in contact with two
heat baths at different temperatures. We use a time-independent perturbative expansion with re-
spect to the coupling with the two heat baths to obtain the density matrix for the NESS. In par-
ticular, we show an explicit representation of the density matrix for the reflection symmetric and
weakly nonequilibrium case. We also calculate the expectation value of the energy current and
show that the Kubo formula holds in this case.
1 Introduction
Construction of nonequilibrium statistical mechanics is a challenging open problem in physics. Since
nonequilibrium phenomena are so diverse, probably it is impossible to make a theory which explains
all nonequilibrium phenomena. Then a natural first step would be statistical mechanics for nonequi-
librium steady states (NESSs). The most ambitious goal in this direction is to find a simple theoretical
expression for the density matrix of the NESSs.
Although there are many theoretical frameworks to treat NESSs, it is quite difficult to write down the
density matrix explicitly. For example, in the linear response theory [1] the density matrix for the
NESS is obtained in the long-time limit of the dynamics under an external field
ρˆNESS = ρˆeq + lim
t→∞
∫ t
0
dt′e−i(t−t
′)Hˆ/~ 1
i~
[Hˆext, ρˆeq]e
i(t−t′)Hˆ/~, (1)
and the system has to be infinitely large. (Otherwise we obtain another equilibrium state.) Although
this equation is useful to calculate some nonequilibrium properties like transport coefficients, ρˆNESS
itself is very hard to calculate in this formalism. Most of formalisms to treat NESS contain this kind
of long time evolution, which makes it difficult to calculate ρˆNESS.
In this paper, we consider a system with two heat baths. We consider the stationary solution of a
quantum master equation, and calculate it explicitly using a perturbative expansion with respect to the
coupling parameter between the system and the heat baths. In particular, in the reflection symmetric
case we show an explicit form of density matrix for the NESS in the weakly nonequilibrium regime.
2 Equation of Motion
We start with the equation of motion for the total system:
d
dt
ρˆtot(t) =
1
i~
[Hˆtot, ρˆtot(t)], (2)
where
Hˆtot = HˆS + HˆB + uHˆBS. (3)
Here HˆS, HˆB and HˆBS are the Hamiltonians of the system, the heat baths and the interactions, re-
spectively. We use u as the perturbation parameter. In this paper, we consider a system with two heat
baths:
HˆB = HˆL + HˆR, (4)
HˆBS = HˆLS + HˆRS. (5)
Here, HˆL and HˆR are the Hamiltonians for the left and right reservoirs, respectively. We assume
that the heat bath α (α = L,R) is in equilibrium with the inverse temperature βα (See Fig. 1). The
interaction Hamiltonians HˆLS and HˆRS can be written in the form
HˆLS =
∑
j
XˆLj Yˆ
L
j , HˆRS =
∑
j
XˆRj Yˆ
R
j (6)
where Xˆαj acts on the system, and Yˆ Lj (Y Rj ) acts on the left (right) heat bath. In the following we
assume Xˆαj and Yˆ αj are Hermitian for simplicity. However, our main results in this paper hold without
this assumption.
Figure 1: The system is in contact with two heat baths at different inverse temperatures βL and βR.
We expand the density matrix up to O(u2), trace out the heat bath variables, and apply the Markov
approximation. Then we obtain the equation of motion for the system [2]
d
dt
ρˆ(t) =
1
i~
[Hˆ ′S, ρˆ(t)] + u
2
∑
α=L,R
Γαρˆ(t). (7)
Here,
Hˆ ′S ≡ HˆS + u
∑
α=L,R
∑
j
Xˆαj 〈Yˆ
α
j 〉 (8)
is the system Hamiltonian with the averaged interaction terms, where 〈Aˆα〉 represents the average of
Aˆα with respect to the heat bath α. Hereafter Hˆ ′S is denoted as HˆS for simplicity. Γα is the heat bath
superoperator, whose explicit form is
Γαρˆ(t) = −
1
~2
∑
j,l
∫ ∞
0
dt′
{
Xˆαj Xˆ
α
l (−t
′)ρˆ(t)Φαjl(t
′)− Xˆαj ρˆ(t)Xˆ
α
l (−t
′)Φαlj(−t
′)
+ρˆ(t)Xˆαl (−t
′)Xˆαj Φ
α
lj(−t
′)− Xˆαl (−t
′)ρˆ(t)Xˆαj Φ
α
jl(t
′)
}
(9)
Here, Xˆ(t) ≡ e−iHˆSt/~XˆeiHˆSt/~ represents the operator in the interaction picture.
Φαjl(t) ≡ 〈∆Yˆ
α
j (t)∆Yˆ
α
l 〉 (10)
is a correlation function in the heat bath α, where
∆Yˆ αj ≡ Yˆ
α
j − 〈Yˆ
α
j 〉. (11)
Note that we used
〈∆Yˆ αj (t)∆Yˆ
β
l 〉 = δαβ〈∆Yˆ
α
j (t)∆Yˆ
α
l 〉 (12)
to derive Eq. (7). Since we assumed Yˆ αj ’s are Hermitian,
Φjl(t)
∗ = Φlj(−t). (13)
The heat bath superoperator (9) can be rewritten as
Γα = Γα1 + Γ
α
2 , (14)
where
Γα1 ρˆ = −
1
2~2
∑
j,l
(
[Xˆαj , Rˆ
α
jlρˆ] + [Xˆ
α
j , Rˆ
α
jlρˆ]
†
)
, (15)
Γα2 ρˆ = −
i
2~2
∑
j,l
(
[Xˆαj , Wˆ
α
jl ρˆ]− [Xˆ
α
j , Wˆ
α
jl ρˆ]
†
)
. (16)
The operators Rˆαjl and Wˆ αjl are defined as
〈Ep|Rˆ
α
jl|Eq〉 = 〈Ep|Xˆ
α
l |Eq〉Φ˜jl(ωpq), (17)
〈Ep|Wˆ
α
jl |Eq〉 = 〈Ep|Xˆ
α
l |Eq〉Ψ˜jl(ωpq), (18)
where |Ei〉 is an energy eigenvector of the system with eigenenergy Ei, ωpq ≡ (Ep −Eq)/~ and
Φ˜αjl(ω) =
∫ ∞
−∞
dte−iωtΦαjl(t) (19)
Ψ˜αjl(ω) = P
∫ ∞
−∞
dω′
pi
Φαjl(ω
′)
ω′ − ω
. (20)
Here P denotes the Cauchy principal value. Note that
Φ˜αjl(ω)
∗ = Φ˜αlj(ω), (21)
Ψ˜αjl(ω)
∗ = Ψ˜αlj(ω). (22)
The correlation functions satisfy the Kubo-Martin-Schwinger (KMS) condition
Φ˜αjl(−ω) = e
βα~ωΦ˜αlj(ω), (23)
which is equivalent to the following operator identity:
Rˆα†jl = e
βαHˆS Rˆαlje
−βαHˆS . (24)
Using this identity it is easy to show that
Γα1 e
−βαHˆS = 0,
which guarantees the existence of the equilibrium solution for Eq. (7) when βL = βR.
3 Perturbative expansion
We put ρ = const. in the equation of motion (7). Then we have the equation for the steady state
L0ρˆ+ vL1ρˆ = 0, (25)
where
L0ρˆ =
1
i~
[HˆS, ρˆ], (26)
L1ρˆ = Γ
Lρˆ+ ΓRρˆ, (27)
and v ≡ u2. We expand ρˆ with respect to v:
ρˆ = ρˆ0 + vρˆ1 + v
2ρˆ2 + . . . (28)
Then we obtain a series of equations
L0ρˆ0 = 0, (29)
L0ρˆ1 + L1ρˆ0 = 0, (30)
L0ρˆ2 + L1ρˆ1 = 0, (31)
.
.
. (32)
3.1 Separation of diagonal and off-diagonal parts
In a normal perturbation theory, we can determine ρˆi step by step starting from the 0th order solution
ρˆ0. In this case, however, the 0th order equation (29) is degenerate, and any diagonal density matrices
in the energy representation satisfy it. Therefore we cannot fix the 0th order term ρˆ0 from the 0th
order equation (29).
To handle this problem, we introduce a projection superoperator P , which is defined by
P |Ei〉〈Ej | =
{
|Ei〉〈Ei| (i = j)
0 (i 6= j)
. (33)
Namely, P is the projection to the diagonal part. We also define Q ≡ 1 − P , which is the projection
to the off-diagonal part.
Hereafter we assume that HˆS is non-degenerate. Then the 0th order equation (29) means that ρˆ0 is
diagonal. Since L0 satisfies
PL0 = L0P = 0, (34)
we obtain
PL1ρˆ0 = PL1P ρˆ0 = 0 (35)
from the 1st order equation (30). Eq. (35) means PL1P has a zero eigenvalue, and we assume that it
is non-degenerate. Then Eq. (35) determines the 0th order term ρˆ0 uniquely.
The unperturbed Liouvillian L0 acts on the density matrix as
(L0ρˆ)jk =
1
i~
(
[HˆS, ρˆ]
)
jk
(36)
=
Ej − Ek
i~
ρjk, (37)
where Ajk ≡ 〈Ei|Aˆ|Ek〉 denotes a matrix element in the energy representation. L0 does not have
its inverse because it has zero eigenvalues. Nevertheless we can define its inverse in the off-diagonal
subspace:
(
(QL0Q)
−1ρˆ
)
jk
=
i~
Ej − Ek
ρjk. (38)
Then from (30) we obtain the off-diagonal part of the first order term
Qρˆ1 = −(QL0Q)
−1L1ρˆ0. (39)
The diagonal part of the second order equation (31) can be rewritten as
PL1(P +Q)ρˆ1 = 0. (40)
PL1P has a zero eigenvalue, and the corresponding eigenvector is ρˆ0. Therefore the general solution
of (40) is
P ρˆ1 = −(PL1P )
′−1PL1Qρˆ1 + γρˆ0, (41)
where (PL1P )
′−1 is the inverse of PL1P in the subspace spanned by non-zero eigenvectors of PL1P ,
and γ is a number determined by the normalization condition Trρˆ1 = 0.
In the same procedure we can determineQρˆ2, P ρˆ2,Qρˆ3 and so on. These higher order terms, however,
may be physically irrelevant because Eq. (25) was derived from the approximation up to the first order
of v.
3.2 Perturbative expansion with respect to ∆β
The pertubative solution we have obtained in the previous subsection is still very formal because we
do not know the explicit form of the 0th order term ρ0. In this and following subsections we try to
find a more explicit solution by expanding ρˆ with respect to ∆β, the inverse temperature difference
between the two heat bath.
We put
βL = β −
∆β
2
, (42)
βR = β +
∆β
2
. (43)
Then we expand the heat bath superoperators and the density matrix as
ΓL(βL) = Γ
L(β)−
∆β
2
∂βΓ
L(β) +O(∆β2), (44)
ΓR(βR) = Γ
R(β) +
∆β
2
∂βΓ
L(β) +O(∆β2), (45)
(46)
ρˆ = ρˆ00 +∆βρˆ01 + v(ρˆ10 +∆βρˆ11) +O(v
2) +O(∆β2). (47)
We obtain an equation for each order O(vn∆βm):
O(1) : L0ρˆ00 = 0, (48)
O(∆β) : L0ρˆ01 = 0, (49)
O(v) : L0ρˆ10 + (Γ
L + ΓR)ρˆ00 = 0, (50)
O(v∆β) : L0ρˆ11 + (Γ
L + ΓR)ρˆ01 +
1
2
(−∂βΓ
L + ∂βΓ
R)ρˆ00 = 0. (51)
Note that Γα and ∂βΓα in the above equations are evaluated at the inverse temperature β.
Eqs. (48) and (49) mean that ρˆ00 and ρˆ01 are diagonal. Since Γα2 satisfies
PΓα2P = 0, (52)
we obtain
P (ΓL1 + Γ
R
1 )ρˆ00 = 0 (53)
by applying P to (50). It has the equilibrium solution
ρˆ00 =
1
Z
e−βHˆS , (54)
where Z is the partition function. Then from (50) we obtain
Qρˆ10 = −
1
Z
(QL0Q)
−1(ΓL2 + Γ
R
2 )e
−βHˆS . (55)
3.3 Symmetric case
By applying P to (51) we obtain
P (ΓL1 + Γ
R
1 )ρˆ01 +
1
2
P (−∂βΓ
L
1 + ∂βΓ
R
1 )ρˆ00 = 0. (56)
In principle, ρˆ01 is determined by solving this equation. However, the inverse of P (ΓL1 +ΓR1 )P is hard
to calculate analytically.
Here we assume that the system and the heat baths are reflection symmetric. More precisely, we
assume that ΠˆHˆtotΠˆ = Hˆtot, where Πˆ is the parity operator which satisfies Πˆ2 = 1. Then we have
ΠˆHˆSΠˆ = HˆS, (57)
ΠˆXˆLj Πˆ = Xˆ
R
j , (58)
ΠˆRˆLjlΠˆ = Rˆ
R
jl, (59)
ΠˆWˆLjl Πˆ = Wˆ
R
jl . (60)
Note that the operators are evaluated at the same inverse temperature β in Eqs. (59) and (60).
Then let us consider the second term of Eq. (56). Since ρ00 is symmetric, we have
Πˆ∂βΓ
L
1 ρ00Πˆ = ∂βΓ
R
1 ρ00 (61)
Πˆ∂βΓ
R
1 ρ00Πˆ = ∂βΓ
L
1 ρ00. (62)
A diagonal element in the second term of (56) is
〈Ep|(−∂βΓ
L
1 + ∂βΓ
R
1 )ρˆ00|Ep〉 = 〈Ep|Πˆ(−∂βΓ
L
1 + ∂βΓ
R
1 )ρˆ00Πˆ|Ep〉 (63)(
∵ Πˆ|Ep〉 = ±|Ep〉
)
(64)
= 〈Ep|(−∂βΓ
R
1 + ∂βΓ
L
1 )ρˆ00|Ep〉 (65)
= −〈Ep|(−∂βΓ
L
1 + ∂βΓ
L
1 )ρˆ00|Ep〉. (66)
Hence
〈Ep|(−∂βΓ
L
1 + ∂βΓ
L
1 )ρˆ00|Ep〉 = 0 (67)
and the second term of (56) vanishes. Then we have
P (ΓL1 + Γ
R
1 )ρˆ01 = 0, (68)
whose solution is
ρˆ01 ∝ ρˆ00 =
1
Z
e−βHˆS . (69)
To keep the normalization condition Trρˆ = 1, we should put
ρˆ01 = 0. (70)
Then we obtain the lowest order nonequilibrium term
Qρˆ11 = −
1
2Z
(QL0Q)
−1Q(−∂βΓ
L + ∂βΓ
R)e−βHˆS . (71)
from (51). This is our main result. Note that diagonal elements do not contribute to nonequilibrium
properties like the energy current and the temperature gradient.
4 Energy current
4.1 Energy current operator
Let us consider the energy current going through the system. We divide the system into two parts.
Then the system Hamiltonian is
HˆS = Hˆl + Hˆi + Hˆr, (72)
where Hˆl and Hˆr are the Hamiltonians for the left and right parts of the system, respectively, and Hˆi
is the interaction between them. Note that [Hˆl, Hˆr] = 0. The energy current which goes from the left
part to the right part can be defined as the energy loss of the left part:
Jˆl ≡ −
˙ˆ
Hl = −
1
i~
[Hˆl, HˆS] = −
1
i~
[Hˆl, Hˆi]. (73)
It is also possible to define another current operator by the energy gain of the right part:
Jˆr ≡
˙ˆ
Hr =
1
i~
[Hˆr, HˆS] =
1
i~
[Hˆr, Hˆi]. (74)
We can also define the energy current at a boundary between the system and a heat bath. The total
energy of the system changes as
d
dt
〈HˆS〉 = Tr
(
HˆS
d
dt
ρˆ
)
(75)
= Tr
{
HˆS
(
[HˆS, ρˆ] + vΓ
Lρˆ+ vΓRρˆ
)}
(76)
= vTr
(
HˆSΓ
Lρˆ
)
+ vTr
(
HˆSΓ
Rρˆ
)
. (77)
The left (right) term can be interpreted as the energy current at the left (right) boundary. Therefore
we define two current operators JˆL and JˆR so that the following relations hold.
〈JˆL〉 = vTr
(
HˆSΓ
Lρˆ
)
, (78)
〈JˆR〉 = −vTr
(
HˆSΓ
Rρˆ
)
. (79)
Then
Tr(JˆLρˆ) (80)
= −
v
2~2
∑
jl
Tr
{
HˆS
(
[XˆLj , Rˆ
L
jlρˆ] + [Xˆ
L
j , Rˆ
L
jlρˆ]
†
)
+ i
(
[XˆLj , Wˆ
L
jl ρˆ]− [Xˆ
L
j , Wˆ
L
jl ρˆ]
†
)}
(81)
= −
v
2~2
∑
jl
Tr
{(
[HˆS, Xˆ
L
j ]
(
RˆLjl + iWˆ
L
jl
)
+
(
RˆLjl + iWˆ
L
jl
)†
[HˆS, Xˆ
L
j ]
†
)
ρˆ
}
. (82)
Hence
JˆL = −
v
2~2
∑
jl
{
[HˆS, Xˆ
L
j ]
(
RˆLjl + iWˆ
L
jl
)
+
(
RˆLjl + iWˆ
L
jl
)†
[HˆS, Xˆ
L
j ]
†
}
. (83)
In the same way we obtain
JˆR =
v
2~2
∑
jl
{
[HˆS, Xˆ
R
j ]
(
RˆRjl + iWˆ
R
jl
)
+
(
RˆRjl + iWˆ
R
jl
)†
[HˆS, Xˆ
R
j ]
†
}
. (84)
In the steady state all current operators should have the same expectation value.
4.2 Expectation value
Let us consider the expectation value of a energy current operator in the system. In our perturbation
theory, Qρˆ11 is the leading nonequilibrium term. Therefore we evaluate
Tr(JˆlQρˆ11) =
1
2i~
{
[Hˆl, HˆS](QL0Q)
−1(−∂βΓ
L + ∂βΓ
R)ρˆ00
}
(85)
= −
1
2
{
(L0Hˆl)(QL0Q)
−1Q(−∂βΓ
L + ∂βΓ
R)ρˆ00
}
. (86)
Note that
Tr
{
(L0Aˆ)(QL
−1
0 Q)
−1QBˆ
}
= −Tr(AˆQBˆ) (87)
holds in general, because
Tr
{
(L0Aˆ)(QL
−1
s Q)
−1QBˆ
}
=
∑
l,m
〈El|L0Aˆ|Em〉〈Em|(QL
−1
0 Q)
−1QBˆ|El〉 (88)
=
∑
l 6=m
(El − Em)〈El|Aˆ|Em〉
1
Em −El
〈Em|Bˆ|El〉 (89)
= −
∑
l 6=m
〈El|Aˆ|Em〉〈Em|Bˆ|El〉 (90)
= −Tr(AˆQBˆ). (91)
Hence
Tr(JˆlQρˆ11) =
1
2
Tr
{
HˆlQ(−∂βΓ
L + ∂βΓ
R)ρˆ00
}
(92)
=
1
2
Tr
{
Hˆl(−∂βΓ
L + ∂βΓ
R)ρˆ00
}
(93)(
∵ P (−∂βΓ
L + ∂βΓ
R)ρˆ00 = 0
)
. (94)
Each term in ∂βΓαρˆ00 has the form [Xˆαj , ∂βZˆjlρˆ00] (Z = R,W ). Then
Tr
(
Hˆl[Xˆ
α
j , ∂βZˆjlρˆ00]
)
= Tr
(
[Hˆl, Xˆ
α
j ]∂βZˆjlρˆ00
)
, (95)
which vanishes if α = R. Hence
Tr(JˆlQρˆ11) = −
1
2
Tr
(
Hˆl∂βΓ
Lρˆ00
)
(96)
= −
1
2
Tr
(
HˆS∂βΓ
Lρˆ00
)
(97)
= −
1
2
Tr
{
HˆS
(
∂βΓ
L
1 + ∂βΓ
L
2
)
ρˆ00
}
. (98)
In the second line we used [Hˆl, Xˆj ] = [HˆS, Xˆj]. With some algebra, one can easily show
Tr
(
HˆS∂βΓ
L
2 ρˆ00
)
= 0. (99)
Since
ΓL1 (β)e
−βHˆS = 0 (100)
for any β,
∂β
(
ΓL1 (β)e
−βHˆS
)
= ∂βΓ
L
1 (β)e
−βHˆS + ΓL1 (β)∂βe
−βHˆS = 0. (101)
Therefore
∂βΓ
L
1 ρˆ00 = −Γ
L
1 HˆSρˆ00 (102)
and
Tr(JˆlQρˆ11) =
1
2
Tr
(
HˆSΓ
L
1 HˆSρ00
)
(103)
= −
1
2~2
Re
∑
jl
Tr
(
HˆS[Xˆ
L
j , Rˆ
L
jlHˆSρ00]
)
(104)
= −
1
2~2
Re
∑
jl
Tr
(
[HˆS, Xˆ
L
j ]Rˆ
L
jlHˆSρ00
)
(105)
= −
1
4~2Z
∑
jl
∑
pq
{
Ep(Ep − Eq)〈Ep|Xˆ
L
j |Eq〉〈Eq|Xˆ
L
l |Ep〉Φjl(ωqp)e
−βEp
+ Ep(Ep − Eq)〈Eq|Xˆ
L
j |Ep〉〈Ep|Xˆ
L
l |Eq〉Φlj(ωqp)e
−βEp
}
(106)
= −
1
4~2Z
∑
jl
∑
pq
{
Ep(Ep − Eq)〈Ep|Xˆ
L
j |Eq〉〈Eq|Xˆ
L
l |Ep〉Φjl(ωqp)e
−βEp
+ Eq(Eq −Ep)〈Ep|Xˆ
L
j |Eq〉〈Eq|Xˆ
L
l |Ep〉Φlj(ωpq)e
−βEq
}
(107)
= −
1
4~2Z
∑
jl
∑
pq
{
(Ep − Eq)
2〈Ep|Xˆ
L
j |Eq〉〈Eq|Xˆ
L
l |Ep〉Φjl(ωqp)e
−βEp
}
(108)
= −
1
4~2
∑
jl
〈
[HˆS, Xˆ
L
j ][Rˆ
L
jl, HˆS]
〉
β
. (109)
In the last line, the expectation value is evaluated for the system in equilibrium at the inverse temper-
ature β.
In the same way we obtain
Tr(JˆrQρ11) = −
1
4~2
∑
jl
〈
[HˆS, Xˆ
R
j ][Rˆ
R
jl, HˆS]
〉
β
. (110)
Since we have assumed the reflection symmetry, we obtain
〈Jˆl〉 = 〈Jˆr〉 = −
1
4~2
∑
jl
〈
[HˆS, Xˆ
α
j ][Rˆ
α
jl, HˆS]
〉
β
v∆β +O(v2) +O(∆β2). (111)
We can also calculate the expectation values of the current operators at the boundaries. Let us consider
JˆL. Since JˆL isO(v), the lowest order current comes fromO(v0) terms of the density matrix. Because
ρˆ01 = 0 in the symmetric case, we have
〈JˆL〉 = Tr(JˆLρˆ00) +O(v
2) +O(∆β2). (112)
Then, from Eq. (78)
Tr(JˆLρˆ00) = vTr
(
HˆSΓ
Lρ00
)
. (113)
Note that ΓL is evaluated at βL = β −∆β/2 here. Substituting
ΓL(βL) = ΓL(β)−
∆β
2
∂βΓL(β) (114)
we obtain
Tr(JˆLρˆ00) = −
v∆β
2
Tr
(
HˆS∂βΓ
Lρˆ00
)
, (115)
which is equivalent to (97). Then we obtain the same current expectation value again:
〈JˆL〉 = 〈JˆR〉 = −
1
4~2
∑
jl
〈
[HˆS, Xˆ
R
j ][Rˆ
R
jl, HˆS]
〉
β
v∆β +O(v2) +O(∆β2). (116)
4.3 Kubo formula
Let us consider the total system including the heat bath again. The current operator for the energy
coming from the heat bath L to the system is defined as
Jˆ ′L =
d
dt
(HˆS + uHˆRS + HˆR) (117)
=
1
i~
[HˆS + uHˆRS + HˆR, Hˆtot] (118)
=
1
i~
[HˆS, uHˆLS] (119)
=
u
i~
∑
j
[HˆS, Xˆj]Yˆj. (120)
Then we define the correlation function
CL(t) ≡
1
2
〈Jˆ ′L(t)Jˆ
′
L + Jˆ
′
LJˆ
′
L(t)〉. (121)
The expectation value is evaluated for the equilibrium of the total system with inverse temperature β.
Since Jˆ ′L is O(u2), we have
CL(t) = C
(0)(t) +O(u3), (122)
where
C(0)(t) =
1
2
Tr
{
ρˆeqS ⊗ ρˆ
eq
B
(
ei(HˆS+HˆB)t/~Jˆ ′Le
−i(HˆS+HˆB)t/~Jˆ ′L + Jˆ
′
Le
i(HˆS+HˆB)t/~Jˆ ′Le
−i(HˆS+HˆB)t/~
)}
.(123)
Here, ρˆeqS and ρˆ
eq
B represents the equilibrium state of the system and the heat baths, respectively. Then
we have
C
(0)
L (t) = −
u2
2~2
∑
jl
{〈
[HS, Xˆj(t)][HS, Xˆl]
〉
β
Φjl(t) +
〈
[HS, Xˆj][HS, Xˆl(t)]
〉
β
Φjl(−t)
}
.(124)
and
∫ ∞
0
dtC
(0)
L (t) = −
u2
2Z~2
∑
jl
∑
p,q
e−βEp(Ep − Eq)
2〈Ep|Xˆj|Eq〉〈Eq|Xˆl|Er〉
×
∫ ∞
0
dt
{
e−iωqptΦjl(t) + e
iωqptΦjl(−t)
} (125)
= −
u2
2Z~2
∑
jl
∑
p,q
e−βEp(Ep − Eq)
2〈Ep|Xˆj|Eq〉〈Eq|Xˆl|Er〉Φ˜jl(ωqp) (126)
= −
v
2~2
∑
jl
〈
[HˆS, Xˆ
R
j ][Rˆ
R
jl, HˆS]
〉
β
. (127)
Therefore, in the lowest order, the current is written as
〈JˆL〉 =
∆β
2
∫ t
0
dtCL(t), (128)
which is the Kubo formula [3], or the fluctuation-dissipation theorem, in this case. Note that ∆β/2 is
the inverse temperature difference at the boundary.
In spite of the formal similarity, physical content of Eq. (128) is quite different from the original
Kubo formula [1]. For example, the transport coefficient contains the information of the heat baths,
though the original one does not.
5 Summary
We have calculated the density matrix for the NESS using the time-independent perturbation theory.
Our main result is Eq. (71), which is an explicit expression for the density matrix for the NESS in the
reflection symmetric setting. We have also calculated the expectation value of the energy current and
shown that the Kubo formula holds in this case.
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